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The interaction of the electric and magnetic dipole moments of a particle 
with the electromagnetic field is investigated in an approach that deals with 
four-dimensional (4D) geometric quantities. The new commutation relations 
for the 4D orbital and intrinsic angular momentums and also for the 4D dipole 
moments are introduced. The expectation value of the quantum 4-force, which 
holds in any frame, is worked out in terms of them. In contrast to it the whole 
calculation in [1] ([1] J. Anandan, Phys. Rev. Lett. 85, 1354 (2000)) has 
been made only in the rest frame of the dipole. It is proved that, e.g., the 
expression for the 3D force is in [1] is not relativistically correct and that the 
quantum 4-force is not zero in the experiments proposed in [1]. This means that 
the phase shifts that could be observed in such experiments are not topological 
phase shifts. 
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1. Introduction 

In a recent paper [1] Anandan has presented a covariant treatment of the 
interaction of the electric and magnetic dipole moments of a particle with the 
electromagnetic field. In [2] some objections to such treatment have been raised. 
A geometric approach to special relativity is considered in [2] in which a physical 
reality is attributed to the four-dimensional (4D) geometric quantities and not, 
as usually accepted, to the 3D quantities. The same approach and the results 
from [2], and [3], will be used in this paper. Instead of the interaction term, Eq. 
(5) in [1], much more general expression has been derived in [2], with tensors 
as 4D geometric quantities. In [1] Anandan also calculated the expectation 
value of the quantum force operator for two models; the dipole which is made 
of two particles with charges q, —q and an elementary particle with its intrinsic 
magnetic and electric dipole moments. The whole calculation is made only in 
the rest frame of the dipole. Here, a more general expression for the force from 
[1] (for the second model), which holds in any frame, will be presented using the 
geometric approach. The 4-force is calculated by means of the new commutation 
relations for the orbital (1) and intrinsic angular momentum 4- vectors and also 
for the dipole moments (2). This force is compared with the force is, Eq. (26) in 
[1]. It is found that is from [1] is not relativistically correct and that, contrary 
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to the assertion from [1], the quantum 4-force is not zero in the experiments 
proposed in [1]. 

2. 4D geometric approach 

In the same way as in [2], [3] and [4], the 4D geometric quantities, that are 
defined without reference frames, i.e., the absohite cjuautitics (AQs), e.g., the 
4- vectors of the electric and magnetic fields -E" and i?", the electromagnetic 
field tensor F"^. the dipole moment tensor Z)"*, the 4- vectors of the electric 
dipole moment (EDM) and the magnetic dipole moment (MDM) m°, the 
spin four-tensor 5'"'', etc. will be employed here. Also, we shall deal with the 
representations of the AQs in the standard basis. Note that usually, including 
[1], only the component form of tensors in the standard basis is used. (The 
standard basis {e^; 0,1,2,3} consists of orthonormal 4- vectors with cq in the 
forward light cone. It corresponds to the specific system of coordinates with 
Einstein's synchronization [5] of distant clocks and Cartesian space coordinates 
x\) 

Let us start quoting some results from [2], which are used in [3] and [4] as 
well. First, F"*", as the primary quantity for the whole electromagnetism [6], can 
be decomposed into E"', i?" and the 4- velocity w° of the observers who measure 
fields; F"'' = (l/c)(F"u'' - E^v"") + e''^'"^VcBa, whence B" are derived as 
E°- = {l/c)F"''vb and = {l/2c^)e'''"='^FbcVd, with F"Ua = B^Va = 0. The 
frame of "fiducial" observers, in which the observers who measure F", 5° are 
at rest with the standard basis {e^} in it is called the eo-frame. In the eo- 
frame E° = B'^ = and E' = F'°, B' = (l/2c)e*J'=°F,fe. The similar relations 
hold for rf" and m", and the 4- velocity of the particle m", = dx"" /dr. 
Then D"^ = (l/c)(u'»d^ - u^d") + (l/c2)£'^'"=Vmd, = (l/2)£'»'"='^£>6cWd, 

= {l/c)D''"-Ub, with d°'Ua = rrf'Ua = 0. Only in the particle's rest frame (the 
K' frame) and the {e^ basis d'° = = 0, d'^ = m'* = (c/2)e'J*^"L»^.^.. 

Observe that in [1] only one velocity is used both for the determination of 
rf", from D"'' and the determination of from F"*". (Actually in [1] 

only components are considered and the decompositions of F"*" and D"^ are 
never used.) This is objected in [2], where different 4- velocities v"" and are 
introduced. The Eqs. (7) and (6) from [1] become (l/2)FabF'^" = (l/c)£iau" + 
(l/c2)MaM" = a^Ub, where ab = {l/c)Db + {l/c^)Mb, and £>6 = d°-Fab, Mb = 
m°-F2b = {l/2)m°'£abcdF'"^ . Hence Eq. (5) from [1] becomes more complicated. 
(l/2)FabF'^" is written as the sum of two terms {1/ c^)[{{Ead°')+[Bam'')){vbu'')- 
{EaU'')ivbd'>) - iBaU''){vbm'>)] and il/c^)[e'''"^'''{vaEbU,md + c^daUbVcBd)]. As 
seen from the second term it naturally contains the interaction of E"- with m"', 
and with Such interactions are required for the explanations of the 
Aharonov-Casher effect and the Rontgen phase shift, as shown in [2,4], and 
also of different methods of measuring EDMs, e.g., [7], which is considered in 
[3] . Note that for the comparison with experiments we only need to choose the 
laboratory frame as our eo-frame and then to represent the AQs F", and 
i?", in that frame. 

3. The quantum phase shift 
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The quantum phase shift that the particle experiences due to the field is 
given by Eqs. (9), (10) and (11) in [1], but with our a^; 

= (l/c)d'^F,^ + {l/2c'')m-'e^^pxF''\ (1) 

As said in [1] d'^ and m'^, and therefore are now operators which need not 
commute. {E'^ and B"^ are not operators; they are not quantized fields.) In 
[1] ttfj, is given by Eq. (16). The components ao and ai in Eq. (16) in [1] 
are written in terms of E, B, d and m and it is stated that Eq. (16) is a 
low energy approximation. (The vectors in the 3D space will be designated 
in bold-face.) Our is obtained inserting the decomposition of F'^'^ (i^A"' = 
{l/c){E'^v'' - E^v^) + e^^P-^VpBx) into and it differs in several important 
respects relative to from [1]. First, we always deal with 4D quantities and 
not with the 3D vectors. Furthermore, we do not need to make a low energy 
approximation. The comparison with [1] can be made writing our in the 
eo-frame. There, t;" = (c, 0, 0, 0) and E° = = 0. Hence 

ao = {-l/c){d'E' +m'B'), 

ai = {l/c){d°E'+m°B')+e°'^''d^B''-{l/c^)e°'^''m^E''; (2) 

the metric is diag(l, — 1, — 1, — 1), e°^^^ = 1 and the components of the 3D 
vectors correspond to the components of the 4D vectors with upper indices. 
Since the experiments are made in the laboratory frame (the K frame) we shall 
choose that K is our eo-frame. As already said, in [1] only the particle's 4- 
velocity is considered and all 3D vectors are written in K' , the particle's rest 
frame. Hence, only when K' is the eo-frame then Eq. (16) from [1] is recovered, 
but with the components of the 4D quantities. However that case is physically 
unrealizable since in the experiments the observers do not "seat" on the particle. 
As seen from [2] this ambiguity of the theory from [1] is simply avoided in 
our formulation with two 4D geometric velocities u° and Furthermore, as 
explained in [8], [9] and [2], the transformations of E and B (e.g., [10] Eq. 
(11.149)), and also of d and m, are all the "apparent" transformations (AT) of 
the 3D vectors and not the Lorentz transformations (LT). The AT do not refer 
to the same 4D quantity and, [8] , [9] and [2] , they arc not rclativistically correct 
transformations. Therefore, contrary to the assertion from [1], Eq. (16) cannot 
be transformed in a relativistically correct way to the laboratory frame. For our 
it will hold that = a'^e^ = a''^e'^, as for all other 4D geometric quantities; 
it is the same quantity for relatively moving observers in K and K'. Observe 
that all primed quantities are the Lorentz transforms of the unprimed ones. On 
the other hand such relation does not hold for the quantities from [1], e.g., a'^ 
Eq. (16), f Eq. (25) and Eq. (26), since all 3D vectors transform by the AT 
and not by the LT. 

4. The quantum 4-force, I 

In [1] the 4-force (in fact, the components in the {e^} basis) is defined by 
Eq. (12), which we write as = = {tp \ G^^^, ■, where denotes the 
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expectation value of the components of the 4-position operator, the dot denotes 
the derivation over the proper time of the particle, and G^^, = d^ai, — di^a^ — 
{i/ii)[afj,,av], Eq. (11) in [1]. In our calculation the 4-force, as a geometric 
quantity, will be written as f^e^ = {tjj \ G^^ \ tp) u^e^, where, from now on, the 

expectation value is denoted as u'^ . In [1]. the forces f Eq. (25) and fg 
Eq. (26) are determined in the rest frame of the particle (i.e., the dipole) where 
/'O = (in our notation all quantities in Eqs. (25) and (26) are the primed 
quantities). There, in [1], it is argued "The force in an arbitrary inertial frame 
may be obtained by Lorentz transforming the above (Eq. (25), our remark) 
to this frame." But, as discussed above, this statement is not true since the 
transformations of 3D quantities from Eqs. (25) and (26) are the AT and not 
the LT. Therefore we shall derive the expression for /^e^ for an elementary 
particle that holds in any inertial frame. 

When deriving f^, Eq. (26) in [1], it is asserted: "For an elementary particle, 
the only intrinsic direction is provided by the spin S. Then its intrinsic /x = 7sS 
and its intrinsic d = ^58, where 5s is a constant." (In [1], as already said, the 
unprimed quantities are in the particle's rest frame K' .) Thus both the 3D 
MDM m' and the 3D EDM d' (our notation) of an elementary particle are 
determined by the usual 3D spin S'. Then, only the commutation relation for 
the components of the 3D spin operator {[S'^,S^] = ihe'^^'^Sk) are used in the 
calculation of the commutator [ai,ao], i.e., the commutators of m', d' with m', 
d'. 

Recently, [9] and [3], it is shown that the angular momentum four-tensor 
M°-^, M°-^ = x^'p^ — can be decomposed into the "space-space" angular 

momentum of the particle L° and the "time-space" angular momentum K'^ 
(both with respect to the observer with velocity ?;"). In [3] a similar consider- 
ation is applied to the intrinsic angular momentum, the spin of an elementary 
particle. The primary quantity with the definite physical reality is considered 
to be the spin four-tensor S'"^, which is decomposed into two 4-vectors, the 
usual "space-space" intrinsic angular momentum S'^ and the "time-space" in- 
trinsic angular momentum Z"-, see [3]. Thus, [3] introduces a new "time-space" 
spin Z'^ , which is a physical quantity in the same measure as it is the usual 
"space-space" spin S°-. In all usual approaches only L is considered to be a 
well-defined physical quantity, whose components transform according to the 
AT, see, e.g., Eq. (11) in [11], = L^, Ly = -f{L'y - PK',), = ^{L'.+pK'y); 
the transformed components Li are expressed by the mixture of components 
and K'j^. (These transformations are the same as are the AT for the components 
of B, e.g., [10] Eq. (11.148), since L correspond to — B and K correspond to 
— E.) In our geometric approach a physical reality is attributed to the whole 
j^ab (^gab-^ Qj.^ equivalently, to the angular momentums L° (5°) and (Z"), 
which contain the same physical information as M"*" (S'"'') only when they are 
taken together. The components L^, or if, transform by the LT again to the 
components L'^ (L'° = 7(L° - (3L^), L'^ = -/{L^ - /3L"), L'^'^ = L^^^, for the 
boost in the - direction), and the same holds for S''^, or Z''. Furthermore, in 
[3], an essentially new connection between dipole moments and the spin is for- 
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mulated in terms of the corresponding 4D geometric quantities as to" — 755"^, 
d"" = SzZ"-, where 75 and Sz are constants. In the particle's rest frame and 
the {e'^} basis = to'" = 0, d" = SzZ'\ to'* = -fsS'\ Thus, [3], the intrinsic 
MDM TO° of an elementary particle is determined by the "space-space" intrin- 
sic angular momentum 5*", while the intrinsic EDM d"" is determined by the 
"time-space" intrinsic angular momentum 

5. New commutation relations 

Hence, in the calculation of the commutator [a^, Ui,] the usual commutation 
relations will be generalized taking into account the results from [3] . From the 
Lie algebra of the Poincare group we know that 

[M'"', MP"] = -ih{-g''PM>"' + g'^PM'"' + gP^M^P - g'^'MPP). Then, one has 
to take into account the decomposition of the components " into LP and Rp 
(they are now operators), MP"" = {1/ c)[{vPK'' -v" KP)+eP''P'^ LpVa], where, for 
a macroscopic observer, yP can be taken as the classical velocity of the observer 
(the components), i.e., not the operator. This leads to the new commutation 
relations 

[LP.L''] = {inic)eP''''f'LaVp, [K'\K'']^{-in/c)eP''''PLaVp, 
[LP,K-'] = {in/c)eP''"^KaVp, (3) 

which, in the eo-frame, where L*^ ~ K'^ — 0, reduce to the usual commutators for 
the components of L and K (as operators), see, e.g., [12] Eqs. (2.4.18) - (2.4.20). 
The same commutators as in ([3]) hold for the intrinsic angular momentums (the 
components) Sp and ZP; Sp replaces LP, Zp replaces Rp and the velocity of 

the particle (the components) uP, i.e., the expectation value ^ , replaces the 
velocity of the observer vP, 

[SP,S''] = {ih/c)eP''"''SaUp, [ZP,Z'']^{-ih/c)eP''^''SaUi3, 
[SP,Z''] = {ih/c)eP'"^''ZaUp. (4) 

Note that in [1] only the commutators [L,;,Lj] and [S',;,S'j] appear. Taking 
into account the relations mP — js^p and dP ~ SzZP one can express the 
commutation relations for mP and dP in terms of those for Sp and ZP 

[m^TO'']=7|[5^^'^], [dP,d-']^5l[ZP,Z-'], [m^d'']=75<5z[^^^1. (5) 



6. The quantum 4-force, II 

Then, the 4-force (components) fii can be calculated using (O and (jH). 
The obtained expressions for fg are much more general but also much more 
complicated than those in [1]. First we consider the terms which come from 
d^tti, — d^a^ in G^p. This term 
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(1/c) {iP I d^ld'^iEo.v, - E,v^)] - d,[d"[E^v^ - E^v^:)] I V> u^ff^^CA 
in fge\ will correspond to V'(d' -E') in fj. (our notation), Eq. (26) in [1], when 
K' is taken to be the eo-frame, i.e., when — v^^ — (c, 0,0,0). Similarly the 
term which will correspond to V'(m'-B') in f'g is obtained from the above quoted 
term replacing d", E°' with m", B". The other two terms in S^a^ — 9,ya^ are 
il/c){^^[ea.,apd''v''BP]~^l ^ v} and il/2c''){^^[ec.,^pm''iE''vP-EPv^)]-^l ^ 
v} which, when K' is the eo-frame, correspond to the third and the fourth term, 
respectively, in Eq. (26) in [1]. 

The commutator [0^,0^] will give the additional sixteen terms in our fgSx, 
which are easily determined using ^ and the commutation relations for 5''^ 
and ZP'. In the case when K' is the eo-frame then only four terms remain. 
From the following part —{i/ti)[af^,a^] of G^^ we find the general expressions 
for the mentioned four terms. The two terms are: {—'-fs/2c^)eafiap£"^^^iE'^vP — 
EPv''){B^Vf3-Bf3V^)m-yU5, and {-is/c'^)ec.t.ape'^f^^^{EpE''v,,vP+E^EPvf}v'')d^us. 
They determine two terms in /gCA, which correspond to (— 75'/c^)(m' x B') x E' 
and (— 75/c^)(d' x E') x E', respectively, in f^. The other two terms are: 
{-lslc'')eo,^.pe'^P'<^{B,V0-Bpv,)BPv''d^us,anA {51/ c'-ts)eo.^.ape''P^^ {E,vp- 
Ei3V,y)BPv'^mjUs- They would correspond to 75(0!' xB') x B' and ((5|/75)(m' x 
E') X B', respectively. Such terms do not exist in f^, Eq. (26) in [1]. To see why 
there is this difference we have repeated the derivation of Eq. (26) in the same 
way as in [1], i.e., assuming that ji = 738 and d = SsS and therefore using 
only the commutator [S'^,S^]. That calculation revealed that the result quoted 
in [1] is not unique. Instead of the choice Ss{m' x B') x B' one can choose 
another equally well defined possibility 7s(d' x B') x B'. Similarly instead of 
6s{d' X E') X B' one can take ((5|/7s)(m' x E') x B'. On the other hand our 
results are unique and they correspond to the last two expressions, which are 
not chosen in [1]. This means that even the expression for f^, Eq. (26) in [1], 
has to be changed according to our results. 

7. Comparison with experiments 

Furthermore, in [1], different experiments are discussed and compared with 
the expressions for a'^ Eq. (16), f Eq. (25) and Eq. (26). However, 
as already said, such comparison is not valid since these equations refer to 
the K' frame, while the experiments are performed in K. Hence, it is not 
true, as declared in [1], that, e.g., the term (— 75/c^)(m' x B') x E' "may be 
experimentally detectable." (According to [1] such possibility is explained in 
Ref. [15] in [1]. The objections to that explanation will not be considered here.) 
The same thing happens with the discussion of all other experiments that is 
presented in [1]. Note that the AT of E and B, and not the LT of S^e^ and 
B^Cfj^, are usually employed in the discussion of the experiments in [1]. 

Here, we shall show that G^i^ and the quantum force are not zero in two 
interferometric experiments that have been proposed in [1]. In the first ex- 
periment it is taken that the interfering particles have magnetic moment, but 
no electric charge and zero or negligible electric dipole moment, as in a neu- 
tron interferometer. The entire interferometer is subjected to a homogeneous 
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and time independent electric field E that is parallel to a pair of arms of the 
interferometer. From the expression for G'^^, and f^, Eq. (26) in [1], it is vis- 
ible that both quantities are zero in the considered experiment, as argued in 
[1]. However, here, in contrast to [1], this experiment will be examined di- 
rectly in K, i.e., K is chosen to be the eo-frame. First, when B'^ = d^^ = 
then there are only two terms in G^j/ and consequently in fgex, which 
are different from zero. (Remember that fge\ is formed taking the expec- 
tation value of Gfii, and multiplying it by u'^g^^e\.) The general forms of 
these terms (for G^^jy) are: {S^ / c^'ys)s°'^^^ {E^Epv^Va + E,yEaVfiVfj)mjUs and 
{-/s/4^c'^)£"^'^^£puap£aKviE''vP -EPv''){E<v'' -E'iv'^)m^U5. In K it holds that 
= (c, 0, 0, 0) and hence E° = 0. Inserting these values into the quoted terms 
one can see that fgCo ^ (from the first term) and fgCi ^ (from both terms). 
For the lack of space these expressions will not be written. The same would 
happen for the dual experiment that is proposed in [1]. This consideration 
proves our assertion from the beginning of this paragraph. This means that 
the phase shifts in these experiments are not due to force-free interaction of the 
dipole, i.e., they are not topological phase shifts. The same would happen for 
the Aharonov-Casher and the Rontgen phase shifts; the only difference is that 
for them the fields are not homogeneous. It is interesting to note, as shown in 
[4], that even the classical 4-force (\l2)D°'^d'^Fah is not zero in the case of the 
Aharonov-Casher and the Rontgen effects. Also, it is worth noting that the first 
model from [1] can be treated in a similar way using the commutation relations 
for the 4D quantities. The results from [1] are already used in several papers, 
e.g., [13]. Our discussion applies in the same measure to their results. 

8. Conclusions 

In conclusion, here it is revealed that a unified and fully relativistic treatment 
of the interaction from [1] can be achieved when in all steps of the calculation 
only the 4D geometric quantities are used and not the 3D quantities. It is ex- 
pected that the obtained commutation relations for the angular momcntums 
([31), and the analogous ones for the intrinsic angular momentums and those 
for the dipole moments ([5]) , will greatly influence the existing quantum field the- 
ories. Finally, the result that the quantum 4-force /gC^ for the second model 
from [1] (and similarly J^e\ for the first model) is different from zero will signif- 
icantly change the usual explanations of the quantum phase shifts in, e.g., the 
neutron interferometry, the Aharonov-Casher and the Rontgen effects. 
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